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Abstract
Inspired by 1Ad1am’s conjecture the isomorphism problem of circulant digraphs is widely in-
vestigated. In the literature, the spectrum method was to solve the isomorphism problem for the
circulants of prime-power order by some people. In this paper, we develop the spectrum method
to characterize the circulant digraphs of orders pa and paqb, where p and q are distinct primes.
c© 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let Zn be the cyclic group of integers modulo n and S ⊂ Zn such that 0 ∈ S.
We denote Cn(S) the circulant digraph with the vertex set Zn and the arc set {(i; i +
s) | i∈Zn; s∈ S}. The investigation of isomorphism problem of circulant digraphs was
initiated by 1Ad1am’s conjecture [1] that, Cn(S) ∼= Cn(T ) if and only if there exists an
integer  relatively prime to n such that S = T = {t | t ∈T}. Unfortunately, 1Ad1am’s
conjecture was shown to be false in [2,3]. Up to now we do not know the necessary
and suDcient condition for the isomorphism of circulant digraphs. But many results on
this subject were published in the literature. Klin and PGoschel in [4] gave a necessary
and suDcient condition for the isomorphism of circulant digraphs of prime power order.
Muzychuk in [5] proved that 1Ad1am’s conjecture is true in the square free case. One
can refer to [2–16] for details. A spectrum method was introduced by some authors
in the investigation of this problem. Although there exist pairs of circulant digraphs
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which are not isomorphic but have the same spectrum [3], it is believed that there is
a large part of circulant digraphs which are uniquely determined by their spectra. One
reason is that a circulant digraph is determined by its adjacency matrix, and the cyclic
matrix is given by n-dimension 0–1 vector in its Orst line, whereas the spectrum of
circulant digraph contains exactly n eigenvalues, and the n degree of freedoms would
be related in some sense. But it is regreted that the spectrum method, which is up to
now applied in the circulant digraphs of prime power order, has not been suDciently
used.
Let n=paqb, where p and q are two primes. In this paper, we develop the spectrum
method into the circulant digraphs of order n. By this method we characterize some
classes of circulant digraphs of order n which are uniquely determined by their spectra.
We further prove that these types of circulant digraphs satisfy 1Ad1am’s conjecture.
2. Cyclotomic polynomial and spectrum
Let n be an integer and ’(n) the Euler function which presents the number of
integers in Zn relatively prime to n. Let Z∗n = {∈Zn | gcd(; n)= 1}. Then |Z∗n |=’(n).
We know that there are ’(n)’s nth primitive roots, denoted by !1; !2; : : : ; !’(n). It is
known that
Fn(x)=
’(n)∏
i=1
(x − !i)= 1 + · · ·+ x’(n)
is the so-called cyclotomic polynomial which is irreducible over the rational number
Oeld and has integer coeDcients (one can see [18, Chapter III] for references).
It is not diDcult to see from deOnition that
xn − 1=
∏
d|n
Fd(x):
Let n=pl11 p
l2
2 · · ·plss be the prime decomposition of n. By the well-known MGobius
inversion we have
Fn(x)=
∏
d|n
(xd − 1)(n=d) (1)
where (n) is the MGobius function,
(n)=


(−1)s if l1 = l2 = · · ·= ls =1;
0 if lj ¿ 1 (16 j6 s);
1 if n=1:
When n=pa is a prime power, by simple computation we have
Fpa(x)= 1 + xp
a−1
+ x2p
a−1
+ · · ·+ x(p−1)pa−1 : (2)
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In general, there has been no explicit expression of Fn(x). But Fn(x) has the following
simple properties which can also be easily proven by using (1).
Lemma 1. Let p be a prime such that p - m. Then
(1) Fmpk (x)=Fmp(xp
k−1
).
(2) Fmp(x)=
Fm(xp)
Fm(x)
.
Let n=paqb, where p and q are two distinct primes. By Lemma 1
Fn(x)=Fpaq(xq
b−1
) =
Fpa(xq
b
)
Fpa(xq
b−1 )
:
Set m=pa−1qb−1. From (2) we have
Fn(x)=
1 + xmq + x2mq + · · ·+ x(p−1)mq
1 + xm + x2m + · · ·+ x(p−1)m : (3)
Let ! be a nth primitive root. Since cyclotomic polynomial Fn(x) is the polynomial of
minimum degree under the restriction of Fn(!)= 0, we have the following well-known
result.
Lemma 2. Let f(x) be a polynomial of integer coe:cients. If f(!)= 0; then there
exists a polynomial of integer coe:cients h(x) such that
f(x)=Fn(x)h(x):
Let Cn(S) and Cn(T ) be two circulant digraphs. It is known [17] that SpecCn(S)=
{r =
∑
i∈S !
ri | r=0; 1; 2; : : :; n − 1} and SpecCn(T )= { r =
∑
j∈T !
rj | r=0; 1; 2; : : : ;
n − 1} are the spectra of Cn(S) and Cn(T ), respectively. Suppose that Cn(S) ∼=
Cn(T ). Then SpecCn(S)=SpecCn(T ). Hence, for any r ∈SpecCn(S) there exists
some  !(r) ∈SpecCn(T ) such that
r =  !(r) (∀r ∈Zn): (4)
Since a set may be labeled as ordered elements, without loss of generality, ! will be
regarded as a spectrum projection from SpecCn(S) to SpecCn(T ). The following result
illustrates a property of !.
Lemma 3. Let SpecCn(S)=SpecCn(T ); SpecCn(S)= {0; 1; : : : ; n−1} and Spec
Cn(T )= { 0;  1; : : : ;  n−1} and ! is de=ned in (4). Then for each ∈Z∗n ; we have
r =  !(r); ∀r ∈Zn.
Proof. By assumption, r and  r are the spectra of Cn(S) and Cn(T ), respectively.
Now we deOne
S(x)=
∑
i∈S
xi and T (x)=
∑
j∈T
xj:
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Then we get a polynomial for any given r ∈Zn
f(x)= S(xr)− T (x!(r)):
By (4) we have
f(!)= S(!r)− T (!!(r))= r −  !(r) = 0:
Thus, by Lemma 2 there is an integer coeDcient polynomial h(x) such that
f(x)=Fn(x)h(x) (5)
For ∈Z∗n , we substitute g(x)= S(xr)− T (x!(r)) and take y= x. From (5) we have
g(x)= S(yr)− T (y!(r))=Fn(y)h(y):
Since gcd(; n)= 1, $=! is also an nth primitive root. Hence, Fn($)= 0. It follows
that S(!r)− T (!!(r))= 0, that is, r =  !(r).
Lemma 4. Let n=paqb; where p and q are two distinct odd primes. If SpecCn(S)=
SpecCn(T ); then there exists ∈Z∗n such that 1 =  .
Proof. Let ! be the spectrum projection deOned by (4). Since |Z∗n |=(p − 1)pa−1
(q− 1)qb−1 ¿ 12paqb = 12 |Zn|, we have
Z∗n ∩ !(Z∗n ) == ∅; where !(Z∗n )= {!(r) | r ∈Z∗n }:
Hence, there exists r ∈Z∗n such that r′= !(r)∈Z∗n . Thus by (4), r =  r′ .
According to Lemma 3, for each ∈Z∗n , we have r =  r′ . Taking = r−1 and
= r−1r′, we obtain 1 =  .
Corollary 1. Let n=pa; where p is a prime. If SpecCn(S)=SpecCn(T ) then there
is ∈Z∗n such that 1 =  .
Proof. Let n=pa be a power of odd prime. Then |Z∗n |¿ 12 |Zn|. Our result follows
from the proof of Lemma 4. If n=2a, then |Z∗n |¿ 12 |Zn\{0}|. Notice that !(0)= 0
(due to 0 =  0), one can similarly deduce our result.
Given Cn(S), we call S(x)=
∑
i∈S x
i the polynomial of Cn(S). Suppose that Cn(T )
has the same spectrum with Cn(S) and ! is the spectrum projection between them as
deOned in (4). Now we deOne
fr(x)= S(xr)− T (x!(r))
for any Oxed r ∈Zn and call it the spectrum-polynomial of Cn(S) and Cn(T ) with
respect to !. Then by Lemma 3
fr(x)=Fn(x)h(x):
In consideration of the property of Fn(x) we believe that fr(x) is in most cases the
zero polynomial (i.e., fr(x) ≡ 0). Hence, S(xr) ≡ T (x!(r)) and rS = !(r)T . It indeed
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provides us with a method to characterize the circulant digraphs uniquely determined by
their spectra and hence the isomorphism of these circulant digraphs is also determined.
In terms of this apparatus we will give some classes of such circulant digraphs in the
next section.
3. Spectrum-determined circulant digraphs of orders pa and paqb
For a polynomial g(x)= a0 + a1x1 + · · · + amxm, let 9(g(x)) denote its degree, i.e.,
9(g(x))=m. A circulant digraph is said to be spectrum-determined, if, for any Cn(T ),
SpecCn(S)=SpecCn(T ) implies Cn(S) ∼= Cn(T ).
Let n=pa be a prime power. pa−1 ∈Zn generates a subgroup 〈pa−1〉= {0; pa−1;
2pa−1; : : : ; (p− 1)pa−1}. For i∈Zn, 〈pa−1〉+ i is a coset of 〈pa−1〉. Let S ⊂ Zn. We
observe that S does not contain coset of 〈pa−1〉 if 〈pa−1〉 + i * S for each i∈Zn.
First, we characterize a type of spectrum-determined circulant digraphs of prime power
order.
Theorem 1. Let n=pa and S be a subset of Zn which does not contain the coset of
〈pa−1〉. Then Cn(S) is spectrum-determined.
Proof. Suppose that Cn(T ) is any circulant digraph with SpecCn(S)=SpecCn(T ). By
Corollary 1, there is a ∈Z∗n such that 1 =  .
Let f(x)= S(x) − T (x) be the spectrum-polynomial of Cn(S) and Cn(T ). For an
integer i, we denote Qi as the residue of i by taking modulo n. Then we get a polynomial
f(x) from f(x) as follows:
f(x)=
∑
i∈S
x Qi −
∑
j∈T
xj:
It is clear that 9(f(x))¡n and
f(!)=f(!)=
∑
i∈S
!i −
∑
j∈T
!j = 1 −   =0:
Hence, by Lemma 2 we have f(x)=Fn(x)h(x). From (2) we further obtain that
f(x)= (1 + xp
a−1
+ x2p
a−1
+ · · ·+ x(p−1)pa−1 )h(x):
Next, we will show that h(x) ≡ 0 and so f(x) ≡ 0, that is, S = T . It immediately
follows Cn(S) ∼= Cn(T ) since  : i → i (∀i∈Zn) is an isomorphism between Cn(S)
and Cn(T ).
On the contrary, suppose that h(x) contains both positive and negative coeDcient
terms due to h(1)=f(1)=f(1)= 0. Without loss of generality, let xl be a term of
h(x). Then the power indices of the terms in Fn(x)xl exactly constitute a whole coset
〈pa−1〉+ l. According to the assumption 〈pa−1〉+ l ∈ S, there must be a term −xk in
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h(x) (where xl−xk =0) such that some terms in Fn(x)xl = xl+xpa−1+l+x2pa−1+l+· · ·+
x(p−1)p
a−1+l would be eliminated by that in Fn(x)(−xk)=− xk − xpa−1+k − x2pa−1+k −
· · · − x(p−1)pa−1+k , say, xipa−1+l− xjpa−1+k =0, where 06 i; j6p− 1. Hence, ipa−1 +
l= jpa−1 + k ⇒ pa−1|k − l.
But for the other aspect, 9(h(x))¡pa−1 since 9(f(x))¡pa. This implies l= k, a
contradiction. So we complete the proof.
Let S ⊂ Zn and deOne D(S)=max{s∈ S}−min{s∈ S}. If n=pa and D(S)¡’(n)=
(p− 1)pa−1, then S does not contain any coset of 〈pa−1〉. Hence, by Theorem 1 we
have the following result.
Corollary 2. Let n=pa and S ⊂ Zn. If D(S)¡ (p−1)pa−1; then Cn(S) is spectrum-
determined.
It is worth to mention that the circulant digraphs characterized in Theorem 1 and
Corollary 2 satisfy 1Ad1am’s conjecture. In fact, let S be a subset of Zpa which does
not contain coset of 〈pa−1〉. If Cn(T ) is a circulant digraph isomorphic to Cn(S), then
SepcCn(S)=SpecCn(T ). From the proof of Theorem 1, there exists ∈Z∗n such that
S = T . Although Klin and PGoschel in [14] gave a necessary and suDcient condition
for the isomorphism of circulant digraphs of order pa, it does not seem easy to deduce
this result from that condition. In addition, Li in [14] obtained a stronger result than
that of Theorem 1 and Corollary 2 under the condition of isomorphism, but our result
here claims that circulant digraph Cpa(S) is spectrum-determined if S does not contain
coset of 〈pa−1〉.
Let g(x) be a polynomial. 9+(g(x)) and 9−(g(x)) denote the maximum power indices
of positive and negative coeDcient terms of g(x), respectively. Then 9(g(x))=max{9+
(g(x)); 9−(g(x))}. For instance, let g(x)= x7 − x5 + x4 − x2 + x+ 1, then 9+(g(x))= 7
and 9−(g(x))= 5.
Lemma 5. Let n=paqb; where p¡q are two primes. Suppose that f(x) is an integer
coe:cient polynomial with 9(f(x))¡n. Then f(x) ≡ 0 if the following conditions
are satis=ed
(1) f(!)=f(1)= 0 and f(0).
(2) 9+(f(x))6’(n)= (p− 1)pa−1(q− 1)qb−1; where ’(·) is the Euler function.
Proof. Since f(!)= 0, by Lemma 2 there exists an integer coeDcient polynomial h(x)
such that f(x)=Fn(x)h(x). Set m=pa−1qb−1. By (3) we have Fp(xm)f(x)=Fp(xmq)
h(x), that is,
(1 + xm + x2m + · · ·+ x(p−1)m)f(x)= (1 + xmq + x2mq + · · ·+ x(p−1)mq)h(x): (6)
For convenience, let L(x) and R(x) be the left-hand side and right-hand side of (6), re-
spectively. Then 9(L(x))¡n+(p−1)m. Hence, 9(h(x))= 9(L(x))−(p−1)mq¡m(p+
q− 1): Since f(1)= 0 and f(0)6 0, we may assume that
h(x)= (xa1 + xa2 + · · ·+ xar )− (xb1 + xb2 + · · ·+ xbr );
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where 16 a16 a26 · · ·6 ar ¡m(p + q − 1) and 06 b16 b26 · · ·6 br ¡m(p +
q− 1). In the following, it suDces to prove that h(x) ≡ 0.
On the contrary, suppose that h(x) ≡ 0. Consider a term xai (16 i6 r) in h(x). We
Orst consider the terms (1+xmq+x2mq+ · · ·+x(p−1)mq) ·xai in R(x). By our assumption
9+(L(x))6 (p−1)m+’(n)= (p−1)mq, x(p−1)mq+ai is not the term in L(x), and so it
must be eliminated in R(x) itself. Thus, there is a term −xbj (16 j6 r) in h(x) such
that x(p−1)mq+ai can be eliminated by some term in (1 + xmq + x2mq + · · ·+ x(p−1)mq) ·
(−xbj), say,
x(p−1)mq+ai − xlmq+bj =0 (where 06 l6p− 1)⇒ (p− 1)mq+ ai = lmq+ bj:
Since p¡q and bj =((p−1)−l)mq+ai ¡m(p+q−1), we can deduce that l=p−2
(in fact, l =p− 1 due to ai = bj and l p− 3, otherwise bj ¿m(p+ q− 1)). Thus,
bj =mq + ai. When we take i in order to go through 1; 2; : : : ; r, j must cover from 1
to r. This implies from the assumption of ai and bj that i= j, and therefore,
bi =mq+ ai (16 i6 r): (7)
Thus, by simple computation we have
R(x) = (1 + xmq + x2mq + · · ·+ x(p−1)mq)h(x)
= (xa1 + xa2 + · · ·+ xar )− (xpmq+a1 + xpmq+a2 + · · ·+ xpmq+ar ): (8)
Now we turn to consider L(x). Since f(1)= 0 and f(0)6 0, we may assume that
f(x)= (xc1 + xc2 + · · ·+ xct )− (xd1 + xd2 + · · ·+ xdt );
where 16 c16 c26 · · ·6 ct6’(n) and 06d16d26 · · ·6dt ¡n. Then
L(x)= (1 + xm + x2m + · · ·+ x(p−1)m)(xc1 + xc2 + · · ·+ xct − xd1 − xd2 −· · ·− xdt):
Note that x(p−1)m+ci (16 i6 t) is a term of (1+ xm+ x2m+ · · ·+ x(p−1)m) · xci in L(x).
By (7), mq+ al = bl ¡m(p+ q− 1), and hence al ¡m(p− 1) (l=1; 2; : : : ; r). By (8)
x(p−1)m+ci is not the term in R(x), and so it must be eliminated in L(x) itself. Thus,
there exists a term −xdj in f(x) such that x(p−1)m+ci can be eliminated by some term
in (1 + xm + x2m + · · ·+ x(p−1)m)(−xdj), say, x(p−1)m+ci − xlm+dj =0 (06 l6p− 1).
It follows that
(p− 1)m+ ci = lm+ dj (16 i; j6 t): (9)
Thus, we have
(1 + xm + · · ·+ x(p−1)m)(xci − xdj)= (xci + · · ·+ x((p−1)−l−1)m+ci)
− (x(l+1)m+dj + · · ·+ x(p−1)m+dj)):
Clearly, ((p−1)−l−1)m+ci ¡ (l+1)m+dj, so we conclude that 9+(L(x))¡ 9−(L(x))
and 9(L(x))= 9−(L(x)). In addition, by (9) and ci6 9+(L(x))= 9+(R(x))= ar ¡
m(p− 1), we have
dj =((p− 1)− l)m+ ci6 (p− 1)m+ ci ¡ 2(p− 1)m:
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Thus, one can deduce the following
9(L(x)) = 9−(L(x))6 max
16j6t
{(p− 1)m+ dj}¡ (p− 1)m+ 2(p− 1)m
= 3(p− 1)m:
But we have assumed that p¡q, and so 36 q. Hence
9(L(x))= 9−(L(x))= 9−(R(x))= 9(R(x))= qpm+ ar ¿qpm¿ 3pm¿ 9(L(x)):
This is a contradiction. So we complete the proof.
Let Cn(S) and Cn(T ) be two circulant digraphs with the same spectrum and fr(x)=
S(xr)−T (x!(r)) is their spectrum-polynomial, where r ∈Zn and ! is the spectrum projec-
tion from SpecCn(S) to SpecCn(T ). It is clear that fr(!)= S(!r)−T (!!(r))= 0= |S|−
|T |=fr(1). If we further assume that r and !(r) are relatively prime to n, then 0 ∈ rS
and 0 ∈ !(r)T , and so fr(0)= 0. Thus, the condition (1) of Lemma 5 always holds
for fr(x).
Theorem 2. Let n=paqb; where p and q are two distinct odd primes. For S ⊂ Zn; if
max{s∈ S}6’(n) then Cn(S) is spectrum-determined
Proof. Let Cn(T ) be any circulant digraph having the same spectrum with Cn(S). By
Lemma 4, there is ∈Z∗n such that
∑
i∈S !
i = 1 =   =
∑
j∈T !
j.
Now we take f(x)= S(x)− T (x) as the spectrum-polynomial of Cn(S) and Cn(T ).
Then, we get a polynomial f(x) from f(x) by taking the power index of each term
of f(x) modulo n, i.e., f(x)=
∑
i∈S x
Qi −∑j∈T xj. Obviously, f(!)=f(!)= 1 −
  =0, and f(1)=f(1)= |S| − |T |=0=f(0). In addition, 9+(f(x))6’(n) due to
max{s∈ S}6’(n). Thus, by Lemma 5 f(x) ≡ 0. It follows that S = T (mod n).
Hence, Cn(S) ∼= Cn(T ).
Corollary 3. Let n=paqb; where p and q are two distinct odd primes. For S ⊂ Zn;
if D(S)¡’(n) then Cn(S) is spectrum-determined.
Proof. Suppose that SpecCn(S)=SpecCn(T ). By Lemma 4 there exists ∈Z∗n such
that 1 =  . Then∑
i∈S
!i =
∑
j∈T
!j (10)
Let s0 =min{s − 1 | s∈ S}. Set S ′= S − s0 = {s − s0 | s∈ S} and T ′= T − s0 = {t −
s0 | t ∈T}. By (10)∑
i∈S
!i−s0 =
∑
j∈T
!j−s0 ⇒
∑
i′∈S′
!i
′
=
∑
j′∈T ′
!j
′
:
DeOne f(x)=
∑
i′∈S′ x
Qi′−∑j′∈T ′ x Qj
′
. It is clear that f(!)=f(1)= 0 and 9+(f(x))6
max{i′ ∈ S ′}=max{i − s0 | i∈ S}=D(S) + 16’(n). In addition, 0 ∈ S ′ and hence
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f(0)6 0. It follows from Lemma 5 that f(x) ≡ 0. Hence, S ′=T ′ ⇒ S = T , and
Cn(n) ∼= Cn(T ).
Finally we discuss the spectrum-determined circulant digraphs of order n=2aqb,
where q is an odd prime. Given that S ⊂ Zn, Cn(T ) is any circulant digraph having
the same spectrum with Cn(S). Let ! be a projection from SpecCn(S) to SpecCn(T ).
Now we take the spectrum-polynomial of Cn(S) and Cn(T )
fr(x)= S(xr)− T (x!(r)) where r ∈Zn:
Clearly, fr(!)= 0=fr(1). If we take r=1 and assume max{s∈ S}6’(n), then
f1(0)6 0 and 9+(f1(x))6’(n). By Lemma 5 S = !(1)T . If S is further assumed
to be a generating subset of Zn, then we can assert that gcd(!(1); n)= 1 and hence
Cn(S) ∼= Cn(T ). Thus, we obtain the following.
Theorem 3. Let n=2aqb; where q is an odd prime. If S is a generating subset of Zn
and satis=es max{s∈ S}6’(n), then Cn(S) is spectrum-determined.
Parallel to Corollary 3 we have
Corollary 4. Let n=2aqb; where q is an odd prime. If S is a generating subset of Zn
and D(S)¡’(n); then Cn(S) is spectrum-determined.
Notice that a component of Cn(S) is also a circulant digraph and SpecCn(S)=Spec
Cn(T ) if and only if their components have the same spectrum. Suppose that S = {si |
i=1; 2; : : : ; k and s1 ¡s2 ¡ · · ·¡sk} is not a generating element subset of Zn and
gcd(s1; s2; : : : ; sk ; n)=d¿ 1. Then Cm( QS) (where m= n=d and QS = {s1=d; s2=d; : : : ; sk =d}
⊂ Zm) is a component of Cn(S). If D(S)= sk − s1 ¡’(n), then D( QS)= sk=d− s1=d¡
’(n)=d6’(n=d)=’(m). This implies that the condition of “S generating Zn” is not
necessary in Theorem 3 and Corollary 4. Hence, for n=2aqb, Cn(S) is also spectrum-
determined if D(S)¡’(n). Now based on our results we suggest that for any integer
n, Cn(S) is spectrum-determined if D(S)¡’(n).
Finally, we point out that the spectrum-determined circulant digraphs characterized
in this paper satisfy 1Ad1am’s conjecture, i.e.,
Theorem 4. Let n=paqb; where p and q are two primes. Then Cn(S) satis=es 1Ad1am’s
conjecture if D(S)¡’(n).
Proof. Suppose that Cn(S) ∼= Cn(T ), then SpecCn(S)=SpecCn(T ). Let ! be a projec-
tion from SpecCn(S) to SpecCn(T ). We take the spectrum-polynomial of Cn(S) and
Cn(T ) as follows:
f(x)= S(x)− T (x!(1)):
Let s0 =min{s − 1 | s∈ S} and g(x)=f(x)x−s0 . By applying Lemma 5 to g(x), we
have f(x) ≡ 0, and so S = !(1)T . Without loss of generality we assume that 〈S〉=Zn,
and so !(1)∈Z∗n . It follows our result.
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The condition of “D(S)¡’(n)” in Theorem 4 cannot be further improved. In fact,
C8(S), where S = {1; 2; 5}, is not spectrum-determined and D(S)=’(8)= 4.
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